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Abstract
Let T ∈ B(H) be an invertible operator with polar decomposition T = UP and B ∈ B(H) commute
with T . In this paper we prove that |||PλBUP 1−λ|||  |||BT |||, where ||| · ||| is a weakly unitarily invariant
norm onB(H) and 0  λ  1. As the consequence of this result, we have |||f (PλUP 1−λ)|||  |||f (T )|||
for any polynomial f .
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1. Introduction
We denote by B(H) the algebra of all bounded linear operators on a Hilbert spaceH. Let
T ∈ B(H) be an invertible operator and T = UP be the polar decomposition of T , that is,
P = |T | := (T ∗T ) 12 and U = TP−1 is unitary. If we do not assume the invertibility of T the
polar decomposition T = UP is defined by P = (T ∗T ) 12 and U a partially isometry satisfying
U∗UP = P . A norm ||| · ||| onB(H) is called weakly unitarily invariant norm if ||| · ||| satisfies
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|||U∗XU ||| = |||X||| for X, U ∈ B(H) and U is unitary. For ρ > 0 an operator T ∈ B(H) is
called a ρ-contraction (cf. [5]) if there is a Hilbert spaceK ⊃H and a unitary operator V onK
such that
T n = ρQV n|H (n = 1, 2, . . .).
Here Q is the orthogonal projection fromK ontoH. Then Holbrook [3] defined ρ-radius wρ(T )
of T by
wρ(T ) = inf
{
r > 0 : 1
r
T is a ρcontraction
}
.
It is known that for 0 < ρ  2, wρ(·) is a weakly unitarily invariant norm onB(H), and has the
properties
w1(T ) = ‖T ‖,
where ‖ · ‖ is the Hilbert space operator norm and
w2(T ) = w(T ),
where w(·) is the numerical radius, that is,
w(T ) = sup{|z| : z ∈ W(T )}.
Here W(T ) is the numerical range of T defined by W(T ) = {〈T x, x〉|x ∈H, ‖x‖ = 1}.
For 0  λ  1, we define the λ-Aluthge transformation Tλ of T by Tλ = PλUP 1−λ. In par-
ticular, for λ = 12 , T˜ :=P 1/2UP 1/2 is called the Aluthge transformation of T (see [1]).
At first we will treat the behavior of λ → ‖Tλ‖, where ‖ · ‖ is the spectral norm. It is easy to
know that the function λ → ‖Tλ‖ is convex and ‖T0‖ = ‖UP ‖ = ‖PU‖ = ‖T1‖. If we can prove
the symmetry of ‖Tλ‖, that is, ‖Tλ‖ = ‖T1−λ‖, then we know that min0λ1 ‖Tλ‖ = ‖T1/2‖. If
dimH = 2, that is, when B(H) = M2, we have the following result.
Theorem 1. Let P,U ∈ M2 and P be positive semi-definite and U be unitary. Then for the
spectral norm ‖ · ‖ on M2 and 0  λ  1,
‖PλUP 1−λ‖ = ‖P 1−λUPλ‖.
Proof. For a > 0, let P =
(
1 0
0 a
)
and let U =
(
u11 u12
u21 u22
)
be unitary, that is,
|u11|2 + |u12|2 = |u11|2 + |u21|2 = 1,
|u12|2 + |u22|2 = |u21|2 + |u22|2 = 1
and
u11u12 + u21u22 = 0.
For 0  λ  1, define B ≡ PλUP 1−λ =
(
u11 u12a1−λ
u21aλ u22a
)
. Then using the above equations
B∗B =
(|u11|2 + (1 − |u11|2)a2λ u12u11(a1−λ − a1+λ)
u12u11(a1−λ − a1+λ) |u11|2a2 +
(
1 − |u11|2
)
a2(1−λ)
)
.
So we have the characteristic polynomial f (x) of B∗B is
f (x) = (x − (|u11|2 + (1 − |u11|2)a2λ))(x − (|u11|2a2 + (1 − |u11|2)a2(1−λ)))
− |u12|2|u11|2(a1−λ − a1+λ)2.
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Hence we can compute
f (x) = x2 − (|u11|2 + (1 − |u11|2)a2λ + |u11|2a2 + (1 − |u11|2)a2(1−λ))x + a2.
If we replace λ by 1 − λ, then f (x) is same. So we know that the singular values of PλUP 1−λ is
equal to the singular values of P 1−λUPλ. 
But the following example shows that the statement in Theorem 1 is not true for the case of
n  3.
Example 2. Let
P =

1 0 00 2 0
0 0 3

 and U =

1/
√
3 1/
√
3 1/
√
3
1/
√
2 −1/√2 0
1/
√
6 1/
√
6 −2/√6

 .
Putting
f (λ) = PλUP 1−λ =

 1/331/2 1/3 · 31/2 · 21−λ 1/3 · 31/2 · 31−λ1/2 · 2λ · 21/2 −1/2 · 2λ · 21/2 · 21−λ 0
1/6 · 3λ · 61/2 1/6 · 3λ · 61/2 · 21−λ −1/3 · 3λ · 61/2 · 31−λ


andg(λ)=‖f (λ)‖ (0  λ  1), we can computeg(1/2) = 2.798077044,g(2/5) = 2.795949312
and g(3/5) = 2.813728724 by using the software “Maple”. This means that g(λ) is not symmetric
for 0  λ  1 and min0λ1 g(λ) /= g(1/2).
Let T ∈ B(H), T = UP be a polar decomposition and ||| · ||| be a weakly unitarily invariant
norm on B(H). Then in the previous papers (cf. [4,6]), we showed some inequalities between
|||f (P λUP 1−λ)||| and |||f (T )||| for 0  λ  1 and for any polynomial f. In this paper we will
show further results under the assumption of the invertibility of T ∈ B(H).
Theorem 3. Let T ∈ B(H) be invertible and T = UP be the polar decomposition of T . Let
||| · ||| be a weakly unitarily invariant norm onB(H) and 0  λ  1. If B commutes with T , then
we have
|||PλBUP 1−λ|||  |||BT |||.
Proof. On the strip
{
z| − 12  Re(z)  12
}
, consider the operator-valued function ϕ(z) by
ϕ(z) ≡ P 12 −zBUP 12 +z (− 12  Re(z)  12 ).
Obviously z → ϕ(z) is analytic in the interior of the strip. Since P±it is unitary and ϕ( 12 + it) =
P−it · BUP · P it , we have ∣∣∣∣∣∣ϕ( 12 + it)∣∣∣∣∣∣ = |||BUP ||| (−∞ < t < ∞). Since
ϕ
(
− 12 + it
)
= P−it · PB · UP it = P−itU∗ · UPB · UP it = P−itU∗BUP · UP it ,
by using the commutativity of UP and B, we have∣∣∣∣∣∣∣∣∣ϕ (− 12 + it)∣∣∣∣∣∣∣∣∣ = |||BUP ||| (−∞ < t < ∞).
Hence we have
sup
−∞<t<∞
∣∣∣∣∣∣∣∣∣ϕ ( 12 + it)∣∣∣∣∣∣∣∣∣ = |||BUP |||
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and
sup
−∞<t<∞
∣∣∣∣∣∣∣∣∣ϕ (− 12 + it)∣∣∣∣∣∣∣∣∣ = |||BUP |||.
By the operator version of the three line theorem (see [2, pp. 136–137]), since σ →
sup∞<t<∞ |||ϕ(σ + it)|||
(− 12  σ  12 ) is logarithmically convex, we have the inequality
|||PλBUP 1−λ|||  |||BUP ||| for 0  λ  1. 
Specially, for a polynomial f (z), B ≡ f (UP ) satisfies the condition of commutativity in
Theorem 3. Hence we have
|||Pλf (UP )UP 1−λ|||  |||f (UP )UP |||.
Proposition 4 (cf. [6, Corollary 2]). Let T ,U, P and ||| · ||| be same as in Theorem 3. If f (z) is
a polynomial, then we have
|||f (P λUP 1−λ)|||  |||f (T )||| (0  λ  1).
Proof. Let
f (z) = α + g(z) · z.
Then since
f (UP ) = α + g(UP ) · UP = {α · (UP )−1 + g(UP )} · UP.
If we put
B ≡ α · (UP )−1 + g(UP ),
then B commutes with UP, and hence by Theorem 3, we obtain
|||PλBUP 1−λ|||  |||BUP ||| = |||f (UP )|||.
On the other hand, since we have
PλBUP 1−λ = αPλ(UP )−1UP · P−λ + Pλg(UP )UP 1−λ
= α + Pλg(UP )UP 1−λ
= f (P λUP 1−λ),
the inequality above proves our assertion. 
Corollary 5 (cf. [6, Corollary 3]). Let T ,U, P, f, λ be the same as in Proposition 4. Then for
0 < ρ we have
wρ(f (P
λUP 1−λ))  wρ(f (T )).
Proof. Since for 0 < ρ  2, the ρ-radius wρ(·) is a weakly unitarily invariant norm, our assertion
follows from Proposition 4. For ρ > 2, it can be shown as in the proof of [6, Corollary 3]. 
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